We generalize the Su-Schrieffer-Heeger (SSH) model with the inclusion of arbitrary long-range hopping amplitudes, providing a simple framework to investigate arbitrary adiabatic deformations that preserve the chiral symmetry upon the bulk energy bands with any arbitrary winding numbers. We obtain a mathematically elementary yet physically transparent proof of the bulk-boundary correspondence for the generalized SSH model. The multiplicity of robust zero-energy edge modes is shown to be identical to the winding number. On the other hand, nonzero-energy edge modes, if any, are shown to be unstable under adiabatic deformations and not related to the topological invariant. Furthermore, under deformations of small spatial disorder, the zero-energy edge modes remain robust.
I. INTRODUCTION
One of the most significant features of topological insulators and quantum Hall systems is the bulk-boundary correspondence, which posits that the multiplicities of edge modes on the boundary are characterized by the topological invariants of the bulk energy bands. It has been affirmed in many different experiments and numerical simulations. (See [1, 2] for reviews.) Meanwhile, since Laughlin proposed an explanation for the integer quantum Hall effect in 1981 [3] , many theoretical arguments for the bulk-boundary correspondence have been developed from different aspects with various degrees of rigor (see e.g. [4] [5] [6] [7] [8] [9] and more references in [1, 2] ).
A mathematically rigorous proof of the bulk-boundary correspondence for topological insulators is rather difficult, even for a specific model. The major difficulty lies in the fact that the notions of edge modes and topological invariants are anchored to two different and conflicting settings. Rigorously speaking, only in the explicit presence of boundaries one can make sense of edge modes. On the other hand, the topological invariants are defined on the bulk energy bands, which make sense only if the system is without explicit boundaries and thus respects the lattice translational symmetry -i.e., either the system is infinite or the system is finite with the periodic (Born-von Karman) boundary condition imposed. As one cannot maintain both notions in a single setting, it is rather challenging to rigorously prove the robustness of the bulk-boundary correspondence. Many advanced mathematical tools have been employed to overcome the difficulty, and nowadays the bulk-boundary correspondence is perhaps best encoded in terms of the K-theory (see [10] for a review).
The advanced approaches such as the K-theory, although rigorous and powerful, involve heavy technicalities and are often not very transparent about the un-derlying mechanism. In this paper, we aim to offer a mathematically elementary proof of the bulk-boundary in the generalized Su-Schrieffer-Heeger (SSH) model without invoking any advanced techniques. The SSH model [11] provides a simple yet paradigmatic example of a onedimensional system that exhibits nontrivial topological features [12] [13] [14] . (Also see [15] for a detailed review.) The SSH model is generalized with the inclusion of longrange hopping amplitudes, making it possible to study arbitrary adiabatic deformations upon the bulk energy bands with arbitrary winding numbers.
Thanks to the simplicity of the generalized SSH model, we obtain a detailed description and a rigorous proof of the bulk-boundary correspondence using only basic mathematical techniques. Our approach offers an elementary yet instructive perspective on the mechanism of the bulk-boundary correspondence. (The efforts in the similar spirits to give elementary explanations of the bulk-boundary correspondence can also be found in [16, 17] . For the K-theory approach in the onedimensional case, see Chapter 1 of [10] .)
II. GENERALIZED SU-SCHRIEFFER-HEEGER MODEL
The SSH model [11] describes spinless fermions hopping on a chain (one-dimensional lattice), where each unit cell hosts two sublattice sites -one of type A and the other of type B. The hopping amplitudes are "staggered" in the sense that fermions at sublattice A can only hop to sublattice B and vice versa (they do not hop from A to A or from B to B).
In the standard SSH model, there are two kinds of staggered hopping amplitudes: intracell hopping within the same cell and intercell hopping to the nearest-neighbor cell. 1 We generalize the SSH model by including arbi-trary "long-range" intercell hoping.
A. Bulk momentum-space Hamiltonian
The SSH model is described by a single-particle Hamiltonian, which takes the formĤ bulk = kĤ (k)|k k| in the bulk momentum space. The bulk momentum-space Hamiltonian is given bŷ H(k) := k|Ĥ bulk |k = α,β∈{A,B} k, α|Ĥ bulk |k, β |α β|.
(2.1) We generalizeĤ(k) to the generic form
where
Obviously, the bulk energy spectrum is given by ǫ = ±|d(k)|. If d(k) = 0 at some point k, the energy gap will close at this point and the system is no longer a bulk insulator.
The bulk-boundary correspondence is said to be robust under adiabatic deformations, which are defined as any continuous deformations upon the insulating bulk energy spectrum that maintain the important symmetry and keep the bulk energy gap open. The important symmetry for the (generalized) SSH model is the chiral symmetry (also known as sublattice symmetry), which dictates that the z-component of d(k) remains zero. The winding number of the bulk energy spectrum is invariant under adiabatic deformations.
As the Fourier series (2.3) can represent any generic function mapping from [−π, π] to C with h(k + 2π) = h(k), the form of (2.3) provides a starting point to study any arbitrary adiabatic deformations upon the bulk energy spectrum with any arbitrary winding numbers.
2
The standard SSH model corresponds to w 0 = v ∈ R, w 1 = w ∈ R, and w n = 0 for n = 0, 1.
If we deal with a finite system with N unit cells, k takes discrete values k ∈ {δ k , 2δ k , . . . , N δ k } with δ k = 2π/N , and it is only an approximation to treat h(k) as a continuous map when N is large enough. To make this approximation sensible, the map h(k) has to be "smooth" enough, or more precisely, |h
This requires ∞ n=−∞ to be truncated to nr n=−n l with two integers n l , n r ≪ N (and we assume both w n l and w nr are nonzero).
2 Our goal is to obtain a mathematically rigorous proof of the bulkboundary correspondence. WhetherĤ(k) with an arbitrary h(k) is purely fictitious or can be realized in a realistic system is not our main concern.
B. Bulk real-space Hamiltonian
To study the physics in the bulk for a finite system, we impose the periodic boundary condition: i.e., |m + N, A ≡ |m, A and |m + N, B ≡ |m, B . As the periodic boundary condition respects the lattice translational invariance, Bloch's theorem applies. The Bloch's theorem allows us to introduce the plane wave basis states 4) so that the Bloch eigenstates (labeled by ǫ and k) read as
Taking (2.4) into (2.1) with (2.2) and (2.3), we obtain the bulk real-space Hamiltonian: we haveΓĤ 8) if the HamiltonianĤ does not contain |m, A m ′ , A| or |m, B m ′ , B|. As a consequence of chiral symmetry, for any eigenstate |ψ ofĤ with energy ǫ, there is a chiral symmetric counterpartΓ|ψ with energy −ǫ. If ǫ = 0, |ψ andΓ|ψ can be reshuffled as (|ψ ±Γ|ψ )/ √ 2, which have support only in sublattice A and sublattice B, respectively. Meanwhile, if an eigenstate has support only at A or at B, the eigenvalue must be ǫ = 0.
III. WINDING NUMBER
The topological nontriviality of the bulk energy spectrum can be characterized by the winding number
, where d(k) = 0 is excluded to have a bulk energy gap.
The winding number can be expressed as the integral of the complex logarithm function of h(k):
By rewriting z = e ik , dz = ie ik dk and f (z) = nr n=−n l w n z n , the winding number can be recast as a contour integral along the unit circle on the complex plane:
Note that z n l f (z) is a polynomial with complex coefficients and can be formally factorized as
where ξ i are the roots of z n l f (z) and ν i ∈ N are the corresponding multiplicities. Taking (3.3) into (3.1) leads to
Cauchy's integral formula then implies
That is, the winding number is the sum of the multiplicities of those roots of nr n=n l w n z n+n l that are located inside the unit circle on the complex plane. Similarly, repeating the above calculation with z = e −ik , dz = −ie −ik dk and f (z) = nr n=−n l w n z −n ≡ n l n=−nr w −n z n , we obtain a different expression:
Equivalently, the winding number can also be expressed in terms of h(k) * as
(3.7)
Consequently, we have
and ν = −n r + j=1,...
Eqs. (3.5), (3.6), (3.8) and (3.9) are the key identities that will be used to relate the winding number and the multiplicity of the zero-energy edge states.
IV. EXACT CALCULATION OF ZERO-ENERGY EDGE MODES
To study the physics not only for the bulk but also for the boundaries, we should not impose the periodic boundary condition (which is artificial for a finite system). Without the periodic boundary condition, the lattice points close to the boundaries are no longer on the equal footing as those in the bulk. We have to take special care of the modifications upon (2.6) for the left and right "margins". As a result, the Hamiltonian of the finite system with N cells is given bŷ Here, each of (4.4b) and (4.4e) gives N −n l −n r equations for the lattice points far from the edges; (4.4a) gives n l equations and (4.4d) gives n r equations for the points close to the left edge; (4.4c) gives n r equations and (4.4f) gives n l equations for the points close to the right edge. Now, let us find the zero-energy (ǫ ≈ 0) modes. With ǫ ≈ 0 imposed, a m and b m are decoupled in (4.4) (this is a consequence of the chiral symmetry). We thus can solve a m and b m separately.
To solve a m , we make the ansatz a m = ξ m for some complex number ξ to be solved. Taking this ansatz into (4.4b) with ǫ = 0, we have are also solutions to (4.5). 4, 5 The candidate solutions as linear superpositions of the form in (4.6) have to satisfy the boundary conditions (4.4a) and (4.4c) for the left and right margins. As there are j v j = n l + n r independently candidate solutions while there are n l + n r boundary conditions, we usually do not have a nonzero solution for exactly ǫ = 0, except for some special conditions (such as a fully demerized limit).
6 Therefore, the zero-energy modes make sense only in the thermal limit N → ∞.
As N → ∞, the condition (4.4c) demands a N → 0. As a result, only the solutions with |ξ i | < 1 are valid. Meanwhile, the condition (4.4a) gives n l more equations, which impose further constraints on the coefficients of the linear superposition for the solution. As a result, we have in total −n l + |ξj |<1 ν j nonzero solutions that are localized at the left edge and exponentially vanish at the right edge, provided |ξj |<1 ν j ≥ n l .
7 Accordingly to (3.5), we have just proved that the number of robust zero-energy left edge modes with support in sublattice A is identical to the winding number ν, if ν ≥ 0.
What if ν ≤ 0? In this case, (4.4a) gives more constraints than the number of the candidate solutions that decay away towards the right edge. Consequently, we have no zero-energy left edge modes with support in sublattice A. We should look for right edge modes instead. Making the ansatz a m = ξ N −m and taking it into (4.4b),
we have
which admits those ξ i in (3.6b) as solutions for ξ. Repeating the argument above in the obviously analogous way, we conclude that, according to (3.6), the number of robust zero-energy right edge modes with support in sublattice A is identical to |ν| when ν ≤ 0. Similarly, for the zero-energy modes with support in sublattice B, there are ν right edge modes if ν ≥ 0 and |ν| left edge modes if ν ≤ 0, according to (3.8) and (3.9) .
When N is finite, the eigenvalue problem (4.4) can be solved numerically. The numerical result gives no exactly zero-energy states but only the "hybridized" edge states with a small energy splitting around zero, which are with support mostly in sublattice A at the left (right) edge and with support mostly in sublattice B at the right (left) edge. In the thermal limit N → ∞, the energy splitting vanishes and the hybridized edge states indeed can be reshuffled into "purified" edge states with support only in sublattice A or sublattice B.
In summary, we have rigorously proved the bulkboundary correspondence:
In the thermal limit, the winding number ν of the bulk energy spectrum is identical to the number of robust zero-energy edge modes with support in sublattice A at the left (right) edge or, equivalently, of the robust zero-energy edge modes with support in sublattice B at the right (left) mode, if ν ≥ 0 (ν ≤ 0).
V. REMARKS ON NONZERO-ENERGY EDGE MODES
The argument above does not exclude the possibility of nonzero-energy edge modes. However, unlike the zeroenergy edge modes, the nonzero-energy edge modes, if any, are not robust under adiabatic deformations and therefore are not related to the winding number.
If a system is of the winding number ν, the HamiltonianĤ N can always be adiabatically deformed intô That is, in (4.1), all w n are deformed to zero except that w ν is nonzero to have the same winding number ν. This gives a fully dimerized limit (see Fig. 1 ), for which the energy spectrum is exactly solvable. Obviously, there are 2ν zero-energy modes localized at the left and right edges: 
The energy spectrum ofĤ 0 +Ĥ ′ can be approximately solved by the first-order perturbation method. As the eigenstates ofĤ 0 are degenerate, we have to start with the "stable" eigenstates that diagonalizeĤ ′ within the degenerate eigenspace.
It is obvious that ψ 1 |Ĥ ′ |ψ 2 = 0 if |ψ 1,2 are any of |L m or |R m . Therefore, |L m , |R m are already the stable eigenstates underĤ ′ . The perturbation theory tells that |L m and |R m remain the eigenstates ofĤ 0 +Ĥ ′ up to O(|w ν ′ | 2 ) and the first-order energy shift is zero. That is, |L m and |R m remain to be the zero-energy edge modes.
On the other hand, the nonzero-energy modes |ψ ± m are not stable underĤ ′ . To find the stable eigenstates that diagonalizeĤ ′ within the ǫ = |w ν | and ǫ = −|w ν | eigenspaces, we have to look for the superposition among the following states:
5) The resulting stable states are no longer localized at edge but smeared into bulk. The first-order perturbation underĤ ′ lifts the degeneracy of ǫ = ±|w ν | and yields nonzero energy shift. We therefore arrive at the conclusion that zero-energy edge modes are not robust.
VI. DEFORMATIONS OF SPATIAL DISORDER
What happens if the system is deformed with small spatial disorder ? Imposition of spatial disorder cannot
Each unit cell of the chain consists of two sublattice sites of type A (filled circle) and type B (hollow circle). Here, the long-range hopping amplitudes associated with wn=2 and w * n=2 are depicted by the solid lines. If wn = 0 for all n = 2, the system is fully dimerized and there are two dangling A (B) sites at the left (right) edge.
be described solely as deformation upon h(k). Rather, it corresponds to replacing the hopping amplitudes w n with w n + δw n (m), where δw n (m) are some functions of lattice sites. That is, the total Hamiltonian takes the formĤ 1) whereĤ N is given by (4.1) andĤ ′ takes the form ofĤ N with w n replaced by δw n (m). Smallness ofĤ ′ is formally cast as δw := max n,m |δw n (m)| ≪ ∆E g with ∆E g being the bulk spectrum gap.
Within the degenerate zero-energy eigenspace of H N ,Ĥ ′ yields ψ A |Ĥ ′ |ψ A = ψ B |Ĥ ′ |ψ B = 0 and ψ A |Ĥ ′ |ψ B = 0, where |ψ A (|ψ B ) are zero-energy edge modes with support in sublattice A (B). We have shown that |ψ A are localized at one edge and exponentially decay towards the other edge, while |ψ B behave in the opposite way. Consequently, we have ψ A |Ĥ ′ |ψ B ∼ O(δw e −λN ), where λ is some positive number determined by the decay rates of |ψ A and |ψ B . In the limit N → ∞, we thus have ψ 1 |Ĥ ′ |ψ 2 → 0, where |ψ 1,2 are any of |ψ A or |ψ B . The perturbation theory then implies that |ψ A and |ψ B remain the eigenstates ofĤ up to O(δw 2 ) and the first-order energy shift is zero. That is, the zero-energy edge modes |ψ A and |ψ B are robust under deformations of spatial disorder provided that the spatial disorder is small enough (δw ≪ ∆E g ).
